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$\bullet$ 3 , 3
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3 (triangulation) , 2 2- 3
, 3 3- 4 .
(simplicial decomposition) 3 (triangulation) . ,
3 3 , 3 .
3 . $S=\{p_{1},p_{2}, \cdots ,p_{n}\}$ $d$ $n$
. conv $(S)$ $S$ . conv$(S)$ 3 $\triangle=\{s_{1}, s_{2}, \ldots , S_{m}\}$
, Si $(i=1,2, \ldots, m)$ $S$ , $\triangle$ .
1. $\dim \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}(si)=d,$ $|S_{i}|=d+1$ $(i=1,2, \ldots, m)$
$2$ . $\bigcup_{i=1^{\mathrm{C}\mathrm{o}}}^{m}\mathrm{n}\mathrm{V}(si)=\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{v}(s)$
3. $i\neq j$ , conv$(si)\cap \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}(s_{j})\#\mathrm{h}$ conv$(Si)$ conv$(Sj)$
.
. $S_{i}$ $Si=\{p_{i,1,Pi,2}, \cdots ,p_{i,d+1}\}$ ,
$d$ $S_{i}$ $|Pi,1Pi,2\ldots p_{i},d+1|$ . $S_{i}$ $q+1$ , $p_{i,j_{1}}$ ,
$p_{i,j_{2}}$ , $\cdots$ , $p_{i,j_{q+}1}|$ $q$ . $S_{i}$ (face) . ,
$\bigcup_{i=1}^{m}$ $Si\subseteq S$ , . , 3
.
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, , ( $0$ ), (1 ), ($d-1$
) ,
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Avis, , [1] .






, $c,$ $x\in \mathrm{R}^{d},$ $b\in \mathrm{R}^{m},$ $A\in \mathrm{R}^{m\cross d}$ . ,
(simplex method) . ( [13]),
2,3 . , $P$
, . ,
1: $P$ , ,
.
,
. , , $P$ ,
,
.
, . , (1 )

























4: (i) $P$ , $P$
( $P$ ) .





$V$ , $E$ $G=(V, E)$ . , $S\subseteq V$























. $S\subseteq V$ (clique) , 2
. $G=(V, E)$ ,
$H$ . , $H$ , $V$
. , $h_{ij}$ $j\in V$ $i$ 1,
$0$ . $H$ , $P_{C}(G)$
$P_{C}(G)=\{x|Hx\leq 1, x\geq 0\}$
. , 1, $0$ 1, $0$ . ,
.
5: $P_{I}(G)\subseteq P_{C}(c)$ .
$(G)$ . , 3
$K_{3}(=C_{3})$ ,
$P_{I}(K_{3})=P_{C}(K_{3})=\{x=(x_{1}, x_{2,3}x)^{\mathrm{T}}|x_{1}+x_{2}+x_{3}\leq 1, x_{1}, x_{2,3}X\geq 0\}$
. , 5 $C_{5}(5$ 5 5
) ,
$\frac{1}{2}\cdot 1\not\in P_{I}(C_{5})$ , $\frac{1}{2}\cdot 1\in P_{C}(C_{5})$
, . ,
( [4, 8, 9] ).
6: $P_{I}(G)=P_{C}(G)$ , $G$ $S\subseteq V$
, (
$G$ (perfect) ).
, (chromatic number) , 2
. ,














8: $P_{I}(G)$ $S_{1},$ $S_{2}\subseteq V$ 2
, $S_{1}$ $S_{2}$ (– )
.
2 3
Delaunay 3 , 3 , $d$ $d+1$
, , $d+1$
$d$ . ,
3 – , 4 – $n$ $=(x_{i}, y_{i})$ De-
launay 3 , $(x_{i}, y_{i})$ $z$ $x_{i}^{2}+y_{i}^{2}$ , 3 $n$ $(x_{i},$ $y_{i},$ $x_{i}^{2}+$
$y_{i}^{2})$ $z$ (X, $y$ ) . Delaunay 3
3 . 2 Delaunay 3 ,
Voronoi ( ) .
(a) (b)
2: (a)Delaunay 3 , (b)Voronoi
2.1 Delaunay 3 3
$n$ ( $-$ 3 , $-$ 4 ) 3
, 4 ( 3 ) 3
. , 4 3 ,




4: 6 3 6
. , 4 , Delaunay 3 Delaunay
3 , Delaunay . , .
9: $n$ 3 Delaunay
, $O(n^{2})$ Delaunay 3 .
, Delaunay 3 1 .
, $[5, 12]$ . , 3
4 , , $O(n^{2})$
( , , 3 $O(n^{2})$ )
154
. , Delaunay , Delaunay 3
1 .
1 , 1










$n$ , $n$ 3 ,
. , .
5: 3
$n$ , $(n-2)$ 3 .
, ,
3 3 (dynamic pro-
gramming) .
, $n$ 3 – ,
3 . , $P\mathrm{o},P1,$ $\cdots,pn-1$
. , $n$ . ,s ,
$Pi,Pi+1,$ $\cdots,Pi+S-1$ . , $t_{i,s}$ $T_{i,s}$
3 .
, $T_{i,s}$ 3 +’ $-1$ 1 3
. $T_{i_{8}}$, 3 $|PiPi+s-1Pj|(i+1\leq j\leq i+s-2)$ , $T_{i,s}$
$\bullet$ $j=i+1$ , 3 $T_{i+1_{S-1}}$, ,
$\bullet$ $j=i+s-2$ 3 $T_{i,s-1}$ ,







. , $s=4,5,$ $\cdots$ , $t_{i,s}(i=0, \cdots, n-1)$ ,
$t_{0,n}$ . 3
.
5 1 . 5 ,
. 1 , . , $s=$
$4,$ $i=0$ , (13) 1 3 , $\sqrt{34}$
. , – .
$O(n^{3})$ , $O(n^{2})$ . ,
.
10: $n$ 3 , $O(n^{3})$ , $O(n^{2})$
.
, 3 \rangle ,
, . , 3 ,
, .






, ( ) ,
,









. - , 3 ,
, [14]. , 3
2 .
3 (regular triangulation; [7] coherent ) , Delaunay 3
,
3 . , 3
. , $d$ $n$ $p_{1},$ $\ldots,p_{n}$ , $d+1$ $h_{i}$
, $n$ $d+1$ $d$
3 , . 6 $d=2$ .
6: 2 6 3
$d$ $n$ $p_{1},$ $\ldots$ , $p_{n}$ 3 \Delta ( ) ,
3 vol( ) , 3
$\mathrm{v}\mathrm{o}\mathrm{l}(\Delta)=(\mathrm{v}\mathrm{o}\mathrm{l}(p_{1}), \ldots, \mathrm{V}\mathrm{o}\mathrm{l}(p_{n}))$ . 3
. 3 2 (secondary polytope)
.
2 , . $7(\mathrm{a})$
5 . 3 $7(\mathrm{b})$ 5
, $p_{1}=(0,0),$ $p2=(1,0),$ $p3=(2,1),$ $p_{4}=(1,2),$ $p_{5}=(0,1)$ . 1
3 1 , 3 1 $|P1P2P3|$ $|p_{1}p_{4}P5|$ 1
, $|P1P3p_{4}|$ 3 . $p_{1}$ 3 3 , $p_{1}$
, $\mathrm{v}\mathrm{o}\mathrm{l}(p_{1})=5$ .
, 3 , .
157
7: 5 3 2
$\mathrm{v}\mathrm{o}\mathrm{l}(p_{1})$ $\mathrm{v}\mathrm{o}\mathrm{l}(p_{2})$ $\mathrm{v}\mathrm{o}\mathrm{l}(p_{3})$ $\mathrm{v}\mathrm{o}\mathrm{l}(p_{4})$ $\mathrm{v}\mathrm{o}\mathrm{l}(p_{5})$





2 , 2 , $7(\mathrm{c})$
. 2 , ( [7] ).
12: 2 , 3 1 1 .
. 3 2
, $4(\mathrm{i})$ . , 3 $d$
$d+1$ $h_{i}(i=1, \ldots, n)$ $p_{i}’$
. 3 $n$ , 2
. , $h=(h_{1}, \ldots, h_{n})$
, 2 $x$ $h\cdot x$ . $h\cdot x$ 2
$h$ $x$ .
3 $\triangle$ , $p_{i}’$ ( $h_{i}$ )





$\mathrm{I}\mathrm{c}\mathrm{g}\mathrm{u}\mathrm{l}\dot{‘}\mathrm{l}\mathrm{I}\mathrm{t}\mathrm{I}\mathrm{l}\dot{‘}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{g}\mathrm{u}\mathrm{l}‘.\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{U}\mathrm{I}\mathrm{l}1$ $\mathrm{r}\mathrm{c}\mathrm{g}\mathrm{u}\mathrm{l}\dot{‘}\mathrm{t}\Gamma\iota \mathrm{r}1^{\cdot}a\mathrm{I}\mathrm{l}\mathrm{g}\mathrm{u}\mathrm{l}\dot{‘}\iota \mathrm{t}\mathrm{l}\mathrm{U}\mathrm{I}\mathrm{l}\angle$
8: 1 3 3
3 $\triangle$ .
,
$h \cdot \mathrm{v}\mathrm{o}\mathrm{l}(\triangle^{*})=\int_{D}g_{\Delta^{*}}(x)\mathrm{d}_{X}<\int_{D}g_{\triangle}(x)\mathrm{d}x=h\cdot \mathrm{v}\mathrm{o}\mathrm{l}(\triangle)$
, $h\cdot x=h:_{\mathrm{V}\mathrm{o}\mathrm{l}(\triangle)}*$ $4(\mathrm{i})$ ,
3 $\triangle^{*}$ 2 .
9: (2,3 )
, 1 3 3 2 ,
2 , 8 .
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10: 3
, $4(\mathrm{i}\mathrm{i})$ , 2
, Delaunay 3 –
. 8 , 3 1
. 9 – .
$7(\mathrm{c})$ , 2 2 3 ,
. 5 , 3
, 5 3 2 5 . 3
, 2
, – , 3
[14].
3, 12 , ,
3 .
, 3 . , 10 3 . 3
2 .
3.2
Billera, Filliman, Sturmfels [3] , 3
( (universal polytope) ) . , [3]
.
$\mathrm{R}^{d}$
$n$ $S=\{p_{1}, \cdots, p_{n}\}$ . $p_{i}$ $(x_{i,1}$ ,
$x_{i,2},$
$\cdot\Delta\cdot$ , x,, . .
$A=$ .
$\mathrm{R}^{n}$ $\{e_{1}, e_{2}, \cdots, e_{n}\}$ ,
A $(n, d+1)=\{(\lambda_{1,2}\lambda, \cdots, \lambda_{d+1})|1\leq\lambda_{1}<\lambda_{2}<\cdots<\lambda_{d+1}\leq n\}$
,
$e_{\lambda}=e_{\lambda_{1}}\wedge e_{\lambda_{2}}\wedge\cdots\wedge e_{\lambda_{d+1}}$ , $(\lambda\in\Lambda(n, d+1))$
$\bigwedge_{d+1}\mathrm{R}^{n}$ . $(d+1)-$ $\bigwedge_{d+1}\mathrm{R}^{n}$








, $|p_{i_{1}}p_{i_{2}}$ . . . $p_{i_{d+1}}|$ 3 $\triangle$ $d$ ,
$(i_{1}, i_{2}, \cdots, i_{d+1})$ – . $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}\langle\eta, e\rangle\sigma$ $\eta$ $e_{\sigma}$ , $d$
$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{V}(\{P\sigma_{1}’\cdots, p\sigma d+1\})$ . 3
$(d+1)-$ , $(d+1)-$
$e_{\lambda}=e_{\lambda_{1}}\wedge e_{\lambda_{2}}\wedge\cdots\wedge e\lambda_{d+}1$ ’
$(\lambda\in\Lambda(n, d+1))$
,





. 6 11(a) . $p_{1}=(0,0)$ ,
$p_{2}=(3,0),$ $p_{3}=(2,1),$ $p4=(3,2),$ $p_{5}=(0,2),$ $p6=(1,1)$ ,
$A=$
. $\eta=(e_{1}+e_{2}+e_{3}+e_{4}+e_{5}+e_{6})\wedge(3e_{2}+2e_{3}+3e_{4}+e_{6})\wedge(e_{3}+2e_{4}+2e5+e_{6})$ , 3
$\triangle$
$\varphi\triangle$ , $\sigma\in\triangle$ $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}\langle\eta, e\sigma\rangle$
, 3 $\sigma$ , $+1$ ,
$-1$ 3 . 11(b) 3
$\varphi_{\Delta}$
$\varphi_{\triangle 123}=e+e_{13}6-e156-e234+e345+e_{35}6$
. , eijk $e_{i}\wedge e_{j^{\wedge}}e_{k}$ , , $|p_{i}pjp_{k}|$ 3
. $\triangle$ 6 3 , $\varphi\triangle$ . 3
. , $|p_{1}p_{2}p3|$ , $|P1P5p6|$






12: 6 14 3
14 , 10
. ,
, 3 , 12
, 1 4, 5 8, 10 13, 11 14 .
.
(a) $S$ (oriented matroid) $\mathcal{U}(S)$ , .
(b) $S$ 3 $\mathcal{U}(S)$ 1 1 .
(c) $S$ – $\mathcal{U}(S)$
3 1 1 ,
, 3 ,
, , $\mathit{0}$) $6$ ,
, . ,
5 , 5 3 , 2
. , 2 5 , 3
2 . , , 5 3 4
, . , 2
. 2 , $\bigwedge_{d+1}\mathrm{R}^{n}$ $\mathrm{R}^{n}$
, 2 .
. , $\eta$ $A$
.
$\phi$ : $\bigwedge_{d+1}\mathrm{R}^{n}$ $arrow$ $\mathrm{R}^{n}$
$\varphi$ -$ $\sum_{i=1}^{n}\langle$ $(ei\rfloor\varphi\grave{J}$ A $ei,$ $\eta\rangle$ $e_{i}$
162
$p\leq q$ : $\bigwedge_{p}\mathrm{R}^{n}\mathrm{x}\bigwedge_{q}\mathrm{R}^{n}arrow\bigwedge_{q-p}\mathrm{R}^{n}$ , . $( \zeta, \gamma)\in\bigwedge_{p}\mathrm{R}^{n}\mathrm{x}\bigwedge_{q}\mathrm{R}^{n}$
$\xi\in\bigwedge_{q-p}\mathrm{R}^{n}$ , $\langle\xi\wedge\zeta, \gamma\rangle=\langle\xi, \zeta\rfloor\gamma\rangle$ . , $\lambda\in\Lambda(n, p)$ ,
$\mu\in\Lambda(n, p)(p\leq q)$ , $\lambda\not\subset\mu$ $e_{\lambda}$ $e_{\mu}=0$ , $\mu=\nu\cup\lambda$
$e_{\lambda}\rfloor e_{\mu}=\mathrm{s}\mathrm{g}\mathrm{n}(1^{\ovalbox{\tt\small REJECT}}, \lambda)d\nu$ .
$(d+1)-$ $\zeta\in\bigwedge_{d+1}\mathrm{R}^{n}$ , $\mathrm{R}^{n}$ – $d+1$
, $\zeta$ , , $\zeta=x_{1}\mathrm{A}\cdots$ A $x_{d+1}$ ,
$x_{1},$ $\cdots,$ $x_{d+1}\in \mathrm{R}^{n}$
$\mathrm{R}^{n}$ $d+1$ $L(\zeta)$ .
, Grassmannian Pl\"ucker . , $\wedge$
. , $\zeta$ $\gamma$ , $L(\zeta)\cap L(\gamma)=0$ , $\zeta\wedge\gamma$
$L(\zeta\wedge\gamma)=L(\zeta)\oplus L(\gamma)$ . , $L(\zeta\rfloor(e_{1}\wedge\cdots\wedge e_{n}))=L(\zeta)^{\perp}$ , $L(\zeta.)^{\perp}+L(\gamma)=\mathrm{R}^{n}$
, $L(\zeta\rfloor\gamma)=L(\zeta)^{\perp}\cap L(\gamma)$ .
. 3 $\triangle$ $\varphi_{\Delta}\in\bigwedge_{d+1}\mathrm{R}^{n}$ $\phi$ . $\triangle$ 3
$\sigma\in\Lambda(n, d+1)$ , $\phi(e_{\sigma})$ , $i\in\sigma$ , $e_{i}$ $e_{\sigma}$
$L(e_{\sigma})$ $e_{i}$ , $\wedge e_{i}$
, , $(e_{i}\rfloor e_{\sigma})$ A $e_{i}=e_{\sigma}$ . , $e_{\sigma}$ $i$
$\langle e_{\sigma}, \eta\rangle$ , $\sigma$ $A$ .
$\eta$ Pl\"ucker , $\sigma$ 3 . - , $i\not\in\sigma$ ,
$e_{i}\rfloor e_{\sigma}=0$ , $0$ . $\phi(\varphi_{\triangle})$ $\triangle$ $\sigma$ ,
, $i$ 3 ,
$\phi(\varphi_{\triangle})$ 2 $\triangle$ – . , .
13: 2 $\phi$ – .
. 5 $7(\mathrm{a})$ . $p_{1}=(0,0)$ ,
$p_{2}=(1,0),$ $p3=(2,1),$ $p_{4}=(1,2),$ $p_{5}=(0,1)$ ,
$A=$ .
.
$\eta$ $=$ $(e_{1}+e_{\sim},+e_{3}-\vdash e_{4}+e_{5})$ A $(e_{2}+2e_{3}+e_{4})$ A $(e_{3}+2e_{4}+e_{5})$
$=$ $e_{123}+2e_{124}+e_{125}+3e_{134}+2e_{135}+e_{145}+2e_{234}+2e_{235}+2e_{245}+2e_{345}$
, $\eta$ $e_{ijk}$ 3 $|p_{i}pjp_{k}|$ . 5
3 5 , $7(\mathrm{b})$ . 3
10 .
$e_{123}$ $e_{124}$ $e_{125}$ $e_{134}$ $e_{135}$ $e_{145}$ $e_{234}$ $e_{235}$ $e_{245}$ e345
$\varphi_{1}=( 1 0 0 1 0 1 0 0 0 0 )$
$\varphi_{2}=( 1 0 0 0 1 0 0 0 0 1 )$
$\varphi_{3}=( 0 1 0 0 0 1 1 0 0 0 )$
$\mathrm{i}\rho_{4}=( 0 0 1 0 0 0 1 0 1 0 /)$
.
$\varphi_{5}=$ $( 0 0 1 0 0 0 0 1 0 1 )$,
163





$\phi(\varphi_{4})$ $=$ $e_{1}+5e_{2}+2e_{3}+4e_{4}+- 3e_{5}$
$\phi(\varphi_{5})$ $=$ $e_{1}+3e_{2}+4e_{3}+2e_{4}+5e_{5}$









$-1$ 1 , .
, , 3 1 $n$ 3 .
,
2
(intersection graph) . , .
14: 3 1 $n$
, 3 1 1 . ,
.
, 3 , 3
.
3 , ,
3 , 2 ,
3 \searrow , 3
2
. 3 . .
15: 3 3 ,
3 1 1 .
3 3 , 3 (characteris-
$\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{t}\mathrm{o}_{\mathrm{P}}\mathrm{e})$ . , 3
. ( ) ,
, , 13 .
, 3 , 3 ,
164
13: 6 14 3 3




. 3 , .









18: . 3 , 2
.
4 .
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